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Approximate Nonlinear Slender Wing Aerodynamics

Lars E. Ericsson* and J. Peter Redingt
Lockheed Missiles & Space Company, Inc., Sunny vale, Calif.

On present-day high-performance aircraft, a large portion of the lift at moderate to high angles of attack is
produced by leading-edge vortices, generated by flow separation off the highly swept leading edges of the lifting
surfaces employed. It has been shown in an earlier paper how the vortex effects can be superimposed on a
modified slender wing theory to give the unsteady longitudinal characteristics of sharp-edged delta wings up to
very high angles of attack. The present paper extends the previous analysis to include the effects of leading-edge
roundness and trailing-edge sweep on the aerodynamic characteristics. The paper also derives analytic means for
prediction of the yaw stability of slender wings and the first-order effects of Mach number. Universal scaling
laws are defined for rapid preliminary design estimates of the slender wing lift and rolling moment.

Nomenclature
A = aspect ratio, A = b2/S
b = wingspan
c —reference length (mean aerodynamic chord,

for a delta wing c = 2c0/3)
c0 = slender wing root chord
fjJ2 = functions defined in Eqs. (4, 5) and (28, 29),

respectively
KP,Ky = potential flow and vortex lift factors, Eq. (1)
Kp, = first approximation of KP
L -lift: coefficient CL=L/(PooU2

x/2)S
I = r o i l ing m o m e n t : c o e f f i c i e n t

C, = l/(Po)U2
00/2)Sb

M = Mach number
Mp = p i t c h ing m o m e n t : c o e f f i c i e n t

Cm=Mp/(PooUl/2)Sc
N = normal force: coefficient CN = N/ (Poo U2

X/2)S
q = pitch rate
rN = airfoil nose radius
Re = Reynolds number
S = reference area (= projected wing area)
5TE = inefficient wing area at Mx = 0 (see inset in

Fig. 1)
s = local semispan
/ =time
U = horizontal velocity
x,y = body-fixed coordinates (see inset in Fig. 1)
a. = angle of attack
a0 — trim angle of attack
13 — sideslip angle (see inset in Fig. 4)
77 = dimensionless y coordinate, 77 =y/s
fj = center of pressure location
6 = pitch perturbation around a0
6LE = apex half-angle (see inset in Fig. 1)
0TE = trailing-edge sweep angle (Fig. 9)
p, = Mach angle, /z = cosec -1 (Mx)
£ = dimensionless xcoordinate, £ =x/c0
£ = center of pressure location
p = air density
co, oj = pitching frequency, oj - uc0/ Ux

Subscripts
a = attached flow
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CG = center of gravity or pitch axis location
ef f. = effective
LE = leading edge
max —maximum
TV or _L = normal to leading edge
s = separated flow
TE = trailing edge
V = vortex
2D = two-dimensional flow
oo = freestream conditions

Superscripts
(*) = trailing-edge parameters, Eq. (36)

Derivative Symbols
6 =dB/dt
CLa = dCL /da; C//3 - dQ/d/3; Cme = dCm /86
Cmq + Cm« = dCm /3 (cql Ux ) + dCm /d ( COL IU^ )

Introduction

THE complexity of the flowfield on aircraft or aircraftlike
configurations that operate at high angles of attack

prohibit the use of purely theoretical means. Because of the
continual changes in the early design, a purely experimental
approach cannot be used either. One needs theoretical means
that permit analytic extrapolation from experimental data,
similar to those developed for the Saturn-Apollo launch
vehicle.1'2 One example of an advanced aircraftlike con-
figuration is the space shuttle orbiter. As it has basically a
delta wing planform, analytic means are needed for the
prediction of the unsteady delta wing aerodynamics, including
the effects of the leading-edge vortices generated at nonzero
angle of attack. Such a theory, described in Ref. 3, is valid for
the symmetric unsteady aerodynamic characteristics of sharp-
edged delta wings in incompressible flow. The present paper
describes how this theory can be extended to include the ef-
fects of trailing-edge sweep and leading-edge roundness.
Simple analytic means are also derived for computation of the
static stability in yaw and first-order Mach number effects.
Correlation formulas for preliminary design estimates are
given for the nonlinear slender wing lift and the rolling
moment sideslip derivative.

Analysis
The slender wing lift can be determined as follows for a

sharp-edged delta wing4:

CL —Kp sine* sn a cosce (D
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Fig. 1 Universal scaling of delta wing lift.

KP and Kv are constants determining the magnitudes of
attached flow and vortex lift components, respectively. Kv is
for all practical purposes a true constant,4 whereas KP is
more or less linearly dependent upon aspect ratio. A first
approximation of KP is obtained as follows.3 It is assumed
that the area denoted STE in the inset of Fig. 1 carries no load.
This accounts in a crude manner for the trailing-edge con-
dition at MO, =0 (as compared to M^ = 1). It reduces Jones'
slender wing lift5 by the factor cos2 0LE giving

K pi =•
TT(A/2)

l+(A/4)2 (2)

With CL=CV cosa and Ky = ir, Eqs. (1) and (2) give the
following definition of the total delta wing lift:

( A / 4 ) 2 =2?r cos
, (Y
a] (

tana
(Atan0L

(3)

Equation (3) shows that (tan a/tan 0LE)«a/0LE is the per-
tinent scaling parameter for angle-of-attack effects. However,
the appearance of A/4 inside the bracket on the right-hand
side of Eq. (3) invalidates the usefulness of (A/4)2 as the
normalizing unit for the lift. Hence, another procedure was
sought to represent the total delta wing lift. Following
Peckham's suggestion6 the exponent 3/2 was selected instead
of 2, and available experimental data for sharp-edged delta
wings were plotted in form of

CL(A/4)-3'2=f](a/0LE) (4)

The result, shown in Fig. 1, speaks for itself. The ex-
perimental data6'11 collapse into one (preliminary design)
curve. Thus, for preliminary design purposes the nonlinear
delta wing lift is determined from Fig. 1 to be

CL(A/4)-3<2=3.4(a/0LE)+0.45(a/0LE)< (5)

It was shown in Ref. 3 that the potential flow loading on a
delta wing never exceeded 75% of the maximum given by
slender wing theory. Applying this "ceiling" gives3

cosa

= J?O sin20LE (ija=4/3ir, elliptic loading)

(6a)

(6b)

(6c)

(6d)

It was also demonstrated in Ref. 3 that the vortex-induced
load distribution on a sharp-edged delta wing does not have
the triangular shape prescribed by the conic flow assumption
used in most theories, but has a "ceiling" similar to that of
the attached flow. The resulting load distribution for the 70%
of the vortex-induced loading located near the leading edge is

1.757r£sin2cx (£<0.4)

5~7 T
(7)

6.857rsin2o;(l-£) (0.9<£<1.0)

and the distribution of the remaining 30% loading produced
by the vortex entrainment is

1.057r£sin2<x
1 1 (<1CNV

0.3 2 \ d£ (8)

= 0.56(1-rjys'm20LE)

0.7357rsin2a (0.7<£<1.0)

Integration of Eqs. (7) and (8) gives:

(9a)

Sec)] (9b)

(9c)

(9d)

ija=4/37r, and r^, given by experimental data,12 is
riv = 0.56 + 0.36/[1.75 + (a/0LE)].

It was shown in Ref. 3 how the unsteady aerodynamics for
the attached flow loads could be determined by using slender
wing theory5 on an equivalent delta wing which has been
shortened to provide the correct normal force. The effective
center chord for this equivalent wing is3

ceff/c0 = 0.955 cosOLE(2-cos-2a0) i/2 (10)

The center of pressure is obtained as follows for moderate a0,

2/3Ceff/c0 = 0.64(1 - (11)

This compares well with the value given by Eq. (6), £a = 0.64
(1 - 0.425 sin20LE), at least for slender wings, sin20LE <^ 1.

The capacity of the foregoing simple analysis to predict the
experimentally measured low-speed unsteady aerodynamics
of delta wings up to high angles of attack was demonstrated in
Ref. 3, and will not be elaborated on here. Instead, it will be
outlined how the analysis has been extended to include the
effects of trailing-edge sweep, leading-edge roundness, and
compressibility.

Effect of Leading-Edge Roundness
Gersten13 has shown that leading-edge roundness has a

large effect on delta wing aerodynamics (Fig. 2). A large part
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Fig. 2 Comparison of predicted and measured effects of leading-
edge roundness on static characteristics of a slender wing of aspect
ratio ,4=0.78.

of the measured decrease in lift and statically stabilizing
pitching moment is probably due to roundness-induced delay
of the leading-edge separation and associated delay of the
vortex lift generation. :£ According to Ville,15 leading-edge
separation should, in two-dimensional flow, occur at an angle
of attack a2Ds that is determined by profile nose radius and
freestream Reynolds number. It is clear that the three-
dimensional flow will delay the separation in the crossflow
plane to an angle of attack oiNs>a2Ds. An estimate of this
delay is obtained by defining an effective aspect ratio
AN = 4c0/b for half§ the delta wing in the crossflow plane.
Assuming that CLmax is independent of aspect ratio one
obtains16

N =(1 + tan(9LE) (12)

For the small angles of attack of interest the streamwise angle
of attack cts is simply

«s = <*2Ds (1 + tan0LE)sin0LE (13)

Experimental results17 indicate that leading-edge stall on
the NACA-0012 airfoil will occur in the angle-of-attack range
12.5 deg <a2Ds<\S deg depending upon the Reynolds
number. The test conditions for Gersten's data13 suggest a
value of ct2Ds = 13 deg giving as = 3.95 deg. Substituting (a —
as) for a in Eq. (9) gives the rounded leading-edge effect
shown by the difference between the dashed and solid line
curves in Fig. 2. Although the predicted effect of leading-edge
roundness is in the right direction, it is less than what was
observed experimentally. It was discussed in Ref. 3 how a
slackening of the vortex-induced load buildup was observed
to occur aft of 40% center chord (£>0.4). This could be

JThe 12.5% truncation of the wingtip (see sketch in Fig. 2) has no
effect on the delta wing lift at A/^ = 0 according to the present
mathematical model (see sketch in Fig. 1). Recent results by Lamar14

also indicate that the effect should be negligibly small.
§The leading-edge flow is insensitive to what happens on the other

wing half.

0.6

< -0,8 I
0 5 10 15

PRESENT THEORY

—————• ATTACHED FLOW
—————- TOTAL

EXPERIMENT
0 5 10 15 a° 20 Q DYNAMIC TEST, A0 - 1", u —O

X STATIC TEST

Fig. 3 Comparison between predicted and measured dynamic
stability characteristics of an A = 1.484 delta wing with rounded
leading edge.
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Fig. 4 Universal scaling of delta wing sideslip derivative C//3 at @ = 0.

caused by a "loosening" of the vortex shedding; i.e., the
vortex becomes less concentrated. Such an increase of the
vortex core could occur for two possible reasons: 1) the center
core axial velocity is decreasing or 2) the vortex shedding
mechanism from the leading edge has changed. If the second
reason is the significant one, the leading-edge roundness could
be expected to contribute to further "loosening" of the vortex
shedding with associated loss in vortex-induced lift. However,
if the first reason dominates, which would be in accordance
with one causative mechanism for vortex burst,18 '19 the
leading-edge roundness effect should be accounted for by the
(a — cts) correction. This appears to be the case judging by the
good agreement between predictions and experimental
dynamic results20 for a delta wing with a rounded leading
edge1(Fig.3).

KFor the 6% thick wing a2Ds = 12 deg, giving as = 5.7 deg.
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That this purely static effect of leading-edge roundness
suffices to explain also the dynamic data is somewhat sur-
prising in view of the large overshoot of static stall observed
in dynamic testing of airfoils.21 This is, however, in
agreement with the dominance of flow conditions at the apex
shown by Lambourne22 for the unsteady vortex-induced
load.3

Lateral Stability
The dominant lateral stability characteristic for a

sideslipping delta wing is the rolling moment derivative C/j8.
The analysis of Ref. 3 can be used as a basis to derive simple
analytic relationships for the determination of C/j8. At an
angle of sideslip (see inset in Fig. 4 for definitions) the ef-
fective apex angle of the windward side is increased by an
amount A0LE which is

= tan " 7 (tan/3/coso: )

or for small sideslip angles,

A0LE =

(14)

(15)

For attached flow the windward side normal force is in-
creased because of the increased aspect ratio. Equations (1)
and (2) give

CN~KP pCOS20, (16)

Thus, the 0 derivative for the normal force of the windward
half of the delta wing can be determined as follows:

That is

d/3- 2cosa
(cot0LE -tan0LE) (21)

For the 70% of the vortex-induced load located near the
leading edge, Eq. (8), the effective lever arm yv for the rolling
moment is (see inset in Fig. 4)

y y = ] cos(/3seca ) (22)

For small sideslip angles (3 the effective dimensionless lever
arm for the windward half of the delta wing is

(23)

For the 30% of the vortex load caused by entrainment
effects the dimensionless lever arm is

fyy\ =M
k b )o.3 2 (24)

The /3 derivative of the rolling moment for the windward
half of the delta wing is

1 f&Clv\_0.7dCNV (yv\ 07^ A/>V\
~ 2 ( d/3 ;~ 2 d/3 U )o.7+ 2 °NI/a/3 V b )o.7

dKp de
d/3

1 3KPT^TT—=cot0LE-tan0LE
Ap OC7LE

LE (17'a)

(17b)

Equations (21-25) define the following rolling moment
derivative for the vortex-induced loads on a delta wing

-l]+0.3£a(l-tan20LE)f,a} (26)

VLB
d/3 = seco: (17c)

The corresponding rolling moment derivative for the wing
half is

ACla &CNa ya

d/3 b2 d/3 2 d/3 b b 2

and the derivative for the full delta wing becomes

'Na

d/3 COSce
(cot0LE -tan0LE)

(18)

(19)

For the attached flow loads, the load distribution remains
the same for small sideslip angles. This is not true for the
vortex-induced loads, which are determined only by the
conditions at the leading edge. The loads given by Eq. (7) are
the same regardless of whether it is a swept wing or a delta
wing. That is, the presence of the center wing area of the delta
wing has no effect on the vortex strength and the vortex-
induced loads near the leading edge, given by Eq. (7). It is
only needed to realize the vortex entrainment effect, Eq. (8).
Thus, the windward half of the delta wing has the following
increased load due to the sideslip angle (see inset in Fig. 4).

(20a)

(20b)

The dependence of C/jS on CL (= CN cosa) and 0LE,
together with the CL (a/0LE)- correction shown earlier (Fig.
1), strongly suggests that it should be possible to develop a
scaling law also for C//3. From Eqs. (19) and (26) one con-
cludes that for moderate angles of attack (a) and small apex
angles (0LE) the following should hold true

[ C L ( A / 4 ) ~ ! ] = constant (27)

From Eq. (3), CL (A/4)~3/2 =f, (a/0LE) and Eq. (27)
becomes

(28)-C,0(A/4)-'/!'=f2(a/0LE)

Figure 4 indicates that Eq. (18) is valid for aspect ratios
A < 1.6 and shows also that present predictions for delta
wings agree well with experimental low-speed results.23"26

For moderate angles of attack Fig. 4 gives the following
preliminary design estimate of C//3 for delta wings. (How
trailing-edge sweep can be accounted for will be described
later.)

-Cl0(A/4)-1/2=0.35(a/0LE) + 0. (29)

The roll stability derivative given by Eqs. (19) and (26) in
combination with Eqs. (6) and (9) is in excellent agreement
with experimental data23 (Fig. 5).
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Fig. 5 Comparison between predicted and measured yaw stability
derivatives.

Mach Number Effects
At sonic speed Jones' slender wing theory5 applies. Thus,

the whole wing is effective i.e., STE =0 and the "plateauing"
does not occur. The attached load distribution along the
center chord is as follows for M^ = 1:

/ dC/vo 7rsin2o;tan20LE

T d£ ~ ~AJ4

The corresponding vortex-induced load distribution is

(0<£<0.4)
"•*"-•'/VK _ I

0.7 2 ~ 0.6857rsin2a (0.4<?<1.0)

(30)

(3 la)

0.3 2
-= 1.057rjsin2a (31b)

Integration gives the following aerodynamic characteristics
of a delta wing at MOO = 1 .0:

CNa-Tr(A/2)sinacosa

Cma=-(c0/c)CNa(ta-lCG)

CNV = 7Tsin2a:sec20LE

%a = 0.667 = 0.587

An obvious way to make a smooth transition from
to M^ = 1 .0 in regard to 5TE is the following:

5TE(M00) = STE(0) =

(32a)

(32b)

(32c)

(32d)

(32e)

•^00=0

(33)

Applying the same smoothening also to the load
distribution gives the following unified representation of the
subsonic longitudinal aerodynamic characteristics of a delta
wing.

x(7-s in 2 6> L E V7-M 0 0
2 ) (34a)

(34b)

(34c)

(34d)

V/T2)
(34e)

= (0.587-0.027^/1 -M00
2)(7-f/ J /sin2^LEV7-M00

2)
(34f)

12 16 20 24 28, 32

a) Lift

—————— PRESENT THEORY
— — — - POLHAMUS THEORY

O EXPERIMENT

0 4 8 12 16 20 24 28 32

b) Moment a°

Fig. 6 Effect of subsonic Mach number on longitudinal delta wing
aerodynamics.

For determination of the unsteady aerodynamics3 Eq. (10)
should be substituted by

ceff /c0 = [ (1 -0.09^1 -Mo,,2) (1 -sin20LE

(35)

CN*V> f *» and £ K are obtained from Eq. (34). The expressions
for the rolling moment derivative remain the same as before,
Eqs. (19) and (26). Figure 6 shows that the longitudinal
aerodynamic characteristics of a delta wing at subsonic speeds
predicted by Eq. (34) are in excellent agreement with ex-
perimental data.23 Combining Eq. (34) with Eqs. (19) and
(26) gives predicted rolling moment derivatives at 0 = 0 that
also are in good agreement with the experimental results23

(Fig. 7).

Effect of TrailingrEdge Sweep
The delta wing analysis can be extended to apply to slender

wings with moderately swept leading and trailing edges. Two
equivalent delta wings are defined, one for the attached flow
loads and another for the vortex-induced loading (see Fig. 8).
The equivalent delta wing characteristics are referenced to the
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Fig. 7 Effect of subsonic Mach number on lateral delta wing
characteristics.

LE
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Delta Wing

Fig. 8 Definition of
trailing-edge parame-
ters.

slender wing geometry using the following ratios (the asterisk
indicates parameter values for the equivalent delta wing):

5*/S = (/ - tan0LEtan0TE) / (1 - r?tan0LEtan0TE) 2 (36a)

C*0/c0 = ;/(/- ijtan0LEtan0TE) (36b)

b*/b=(l- tan0LEtan0TE) / (/ - ijtan0LEtan0TE) (36c)

Figures 9 and 10 show that the low-speed longitudinal and
lateral stability characteristics predicted by use of Eq. (36) in
combination with the delta wing expressions [Eqs. (6, 9, 19,
and 26)] agree well with experimental results.23 It is apparent
that the present method offers a definite improvement over
the Polhamus theory,4 especially in regard to the arrow wing
characteristics. This is true also at high subsonic speed,
M00= 0.8 (Figs. 11 and 12).

Conclusions
The earlier developed analytic theory for the unsteady

aerodynamics of delta wings at high angles of attack has been

1.5

1.0

PRESENT THEORY
• POLHAMUS THEORY
EXPERIMENT

10 15 20 25

a) Lift
30 35

oe°

, = 0 DELTA WING

,= 37° ARROW WING

10 15 -20 25 30 35

b) Pitching moment
Fig. 9 Effect of trailing-edge sweep on longitudinal aerodynamics at
A/ =0.2.

———— PRESENT THEORY

— —— POLHAMUS THEORY
O EXPERIMENT

Fig. 10 Effect of trailing-edge sweep on lateral stability at A/^ = 0.2.
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Fig. 11 Effect of trailing-edge sweep on longitudinal aerodynamics
at A/ =0.8.

extended to more general slender wing geometries, giving the
following results:

1) The effect of Mach number for a subsonic leading edge
is accounted for by a simple modification of Jones' slender
wing theory for the attached flow loads and by a refor-
mulation of Polhamus' theory for the vortex loads.

2) The effect of leading-edge roundness can be predicted by
considering the delay of leading-edge separation in the
crossflow plane generated by the rounded leading edge.

3) The effect of trailing-edge sweep (forward or back) is
well predicted by use of two equivalent delta wings, one for
the attached flow loads and another for the vortex loads.

4) Both longitudinal and lateral stability derivatives can be
determined with good accuracy by the presented closed-form
solutions.

5) Universal scaling concepts have been developed that
predict lift and rolling moment with sufficient accuracy for
use in preliminary design.

Based upon the presented results it can be concluded that
the nonlinear aerodynamic characteristics of slender wings
can be predicted by the developed simple analytic relation-
ships with better accuracy than through any other presently
available theory.

Acknowledgment
The paper is based upon results obtained in a study made

for NASA, Contract NASA 8-28310, under the direction of
W. W. Clever, NASA MSFC, and J. C. Young, NASA JSC.

———— PRESENT THEORY
—» — POLHAMUS THEORY
O EXPERIMENT

Fig. 12 Effect of trailing-edge sweep on lateral stability at M^ = 0.8.
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It is generally the objective of the designer of a moving vehicle to reduce the base drag—that is, to raise the base pressure to a
value as close as possible to the freestream pressure. The most direct and obvious method of achieving this is to shape the body
appropriately—for example, through boattailing or by introducing attachments. However, it is not feasible in all cases to
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base pressure. This book is especially devoted to a study of the various aspects of base flow control through injection and
combustion in the base region.

The determination of an optimal scheme of injection and combustion for reducing base drag requires an examination of the
total f lowfield, including the effects of Reynolds number and Mach number, and requires also a knowledge of the burning
characteristics of the fuels that may be used for this purpose. The location of injection is also an important parameter,
especially when there is combustion. There is engineering interest both in injection through the base and injection upstream of
the base corner. Combustion upstream of the base corner is commonly referred to as external combustion. This book deals
wi th both base and external combustion under small and large injection conditions.

The problem of base pressure control through the use of a properly placed combustion source requires background
knowledge of both the fluid mechanics of wakes and base flows and the combustion characteristics of high-energy fuels such
as powdered metals. The first paper in this volume is an extensive review of the fluid-mechanical l i tera ture on wakes and base
flows, which may serve as a guide to the reader in his s tudy of t h i s aspect of the base pressure control problem.
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